We consider string meson and string baryon models in the framework of the modified measure theory, the theory that does not use the determinant of the metric to construct the invariant volume element. As the outcome of this theory, the string tension is not placed ad hoc but is derived. When the charges are presented, the tension undergoes alterations. In the string meson model there are one string and two opposite charges at the endpoints. In the string baryon model there are two strings, two pairs of opposite charges at the endpoints and one additional charge at the intersection point, the point where these two strings are connected. The application of the modified measure theory is justified because the Neumann boundary conditions are obtained dynamically at every point where the charge is located and Dirichlet boundary conditions arise naturally at the intersection point. In particular, the Neumann boundary conditions that are obtained at the intersection point differ from that considered before by 't Hooft in [hep-th/0408148] and are stronger, which appears to solve the nonlocality problem that was encountered in the standard measure approach. The solutions of the equations of motion are presented. Assuming that each endpoint is the dynamical massless particle, the Regge trajectory with the slope parameter that depends on three different tensions is obtained.
Introduction
When considering the action formulation of a theory the standard measure of the integration, √ −g (where g is the determinant of the spacetime metric), is usually used.
It must be a density under diffeomorphic transformations and therefore, √ −g may not be a unique choice. In our paper, the integration measure is constructed out of two scalar fields. When the measure is modified, an additional degree of freedom is artificially added, then the action is varied with respect to the new dynamical field. As a main result, it becomes possible to prescribe the meaning to the constants that were put by hand before. Modified measure theories [1] are widely used in gravity, for example, for solving the cosmological constant problem [2] , the fifth force problem [3] , the unified dark energy -dark matter problem [4] . Such theories are considered within string theory in [5, 6] and in particular with the Galileon modified measure in [7, 8] .
The most significant contribution of the modified measure theory to string theory is that it shows how to derive the tension instead of putting it ad hoc to the action. The aim of this paper is to apply this development to the construction of string meson and string baryon models of a special configuration that arise naturally in the framework of the modified measure theory.
String models of hadrons are well studied in the literature [9, 10, 11, 12, 13, 14, 15, 16] . While there is only one possible string configuration to represent a meson, that is, a single string with the opposite charges at both endpoints, the baryons have more freedom. Three strings with the charges at each endpoint can be arranged, for example, in ∆-model, in the Y-shaped model which requires a vertex. A one-string quark-diquark model is also possible as the limit of the Y-configuration. In this paper, we present new string meson and string baryon models.
Our string meson model consists of an open string with the opposite charged endpoints. These charges signify the discontinuity of the string tension and therefore, in this case the termination of the string. As opposite to the standard string theory we put the charges at first, then we see that they must be opposite and then Neumann boundary conditions are obtained. We do not put these conditions at the endpoints but we derive them.
Our string baryon model is constructed out of two strings with the opposite charged endpoints each. However, one of them has an additional charge. This charge brings the alteration to the tension. But instead of termination, the string changes its tension value and continues. The difference from the previous models, besides the number of strings used, is that the Dirichlet boundary conditions arise naturally at the intersection point. In [16] boundary conditions are enforced by the Lagrange multipliers and differ from ours, see Section 5. Here, both Dirichlet and Neumann boundary conditions come from the measure initially modified.
In Section 2 we provide a general information on a string in the modified measure theory. Section 3 is dedicated to the string meson model, and Neumann boundary conditions are derived. In Section 4 we connect two strings, thereby constructing a baryon, and Dirichlet boundary conditions are applied at the intersection point. It is substantial that these conditions are obtained dynamically. In Section 5 we present the approach, the main results and the problem of [16] . The resolution of this problem is given in Section 6. Section 7 is devoted to the solutions of the equations of motion and to the derivation of the energy and angular momentum of our system. In Section 8 we discuss the consequences for the quantum case. Conclusions are given in Section 9.
The Modified Measure String
The standard sigma-model string action is
where T is the tension of the string; γ ab is the intrinsic metric on the worldsheet, where the indices are a, b = 0, 1; γ is the determinant of γ ab ; g µν is the metric of the embedding spacetime with D dimensions, where the indices are µ, ν = 0, . . . , D. X µ are coordinate functions; X µ = X µ (σ, τ ), where σ, τ are worldsheet parameters.
The equations of motion with respect to the dynamical variables γ ab and X µ are
where Γ µ νλ is the affine connection for the external metric.
The only restriction to the integration measure is that it must be a density under diffeomorphic transformations. In this paper Φ is chosen to be a measure density instead of the standard one √ −γ. By the definition Φ is
where ϕ i (i = 1, 2) are two (by the number of dimensions) additional worldsheet scalar fields, ǫ ij and ǫ ab are the Levi-Civita symbols.
where L is an arbitrary Lagrangian, transforming as a scalar under general coordinate transformations.
The variation with respect to ϕ i is
Since det(ǫ ab ∂ b ϕ j ) ∼ Φ, then, if Φ = 0, it leads to the condition
The modified measure string action is
where F ab is the field strength,
This action is conformal invariant which is defined as
such that J = Ω 2 , where Ω are the conformal transformations, J is the Jacobian.
The constraint (7) implies
If M = 0, we would obtain spontaneous breaking of conformal invariance but as we will see, M turns out to be 0.
The variations with respect to the dynamical fields X µ , γ ab , A a of the action provide us with the equations of motion.
The field equations are
Taking the trace of (14) and comparing with (12) we get that M = 0 which means that the conformal invariance is not broken. By solving
F cd from (12) (with M = 0) and introducing in (14), we obtain the sigma-model equations of motion, (2) and (3). The similarity of (2) and (3) derived from (1) with (13) and (14) derived from (8) proves the validity of the modified measure theory.
The tension is spontaneously induced. It is derived as a constant of integration from the equation (15)
3 The String Meson Model This string is not infinite. A tension, T , is a constant along the string and vanishes at the endpoints. The string terminates when its tension discontinues, which follows from the following.
The modified measure string with the tension that can dynamically end at the endpoints has an action defined by
where j a is the current of point-like charges setting at the endpoints.
The additional term in the action (17) contains the gauge field, A a , interacting with point charges. Then the equations of motion with respect to the gauge field are modified compared to (15) . They are
As the meson is in a static configuration then the current becomes
where e i are charges that are associated with the gauge field A a and σ i , i = 1, 2 are their locations, i.e. the endpoints.
Therefore,
Also (18) turns to
where (0, 1) means (τ, σ).
Then, instead of (16) we obtain
For a proof we firstly consider the endpoint on the left with e 1 which is located at σ 1
and integrate the right-hand-side (rhs)
where ǫ is some positive constant.
The integration of the left-hand-side (lhs) gives
The first rhs term of (25) is equal to T because of (16) and the second one vanishes because the string starts at σ 1 and does not exist to σ 1 's left. Therefore, e 1 = T . Now we consider the endpoint on the right with e 2 which is located at σ 2
In analogue with the endpoint on the left, we obtain
Then
The tension is changed discontinuously from zero at one end of the string to some constant and back to zero at the other end of the string. This is the condition for the string to terminate. The opposite charges at the ends of the string guarantee it.
In the standard string theory the endpoints are free until the boundary conditions are applied. In the modified measure theory the boundary conditions are derived as is seen from the following consideration.
The variation with respect to X µ gives the same equations of motion as those obtained from the action (8) . We need only the first term from the lhs of (13) because only this term could be singular. The external space is well defined and therefore so is Γ µ να and
can jump but still remains finite but ∂ a (
) will be singular
Inserting (22) in (29) we obtain
The worldsheet metric γ ab can always be taken in a certain gauge to be conformally flat. Then in the conformal gauge in which γ ab √ −γ = η ab , we obtain
The equation (31) is the Neumann boundary conditions, which are in fact the constraints on momentum components. They are obtained at the points where charges are located. Being originated from the discontinuity of the dynamical tension these conditions arise naturally in the framework of the modified measure theory. It is even impossible to violate them when having in hand only one string. The string baryon. Dotted and curved lines denote two strings, X and Y , respectively. A cross is the intersection point. T 1 , T 2 , T 3 are the tensions. The sequence number of a charge is the same as the sequence number of its location, for example, the charge e 3 is located at the point σ 3 .
The String Baryon Model
The X-string has two endpoints with charges e 1 and e 2 . In order for this string to terminate, the charges must be opposite: e 1 = −e 2 . The Y -string too has two endpoints with charges e 3 and e 4 . However, it has the additional charge e 5 , which appears within the Y -string. Therefore, these strings do not enter equally. The charges e 1 and e 5 are located at the point σ 1 which is then the intersection point of two strings. At the point σ 1 the Y -string tension is changed from T 2 to T 3 . Therefore, although e 3 = T 2 (see (22)) but T 3 = e 3 + e 5 = −e 4 . The mathematical formulation is coming.
Each string comes with its own internal metric γ ab X or γ ab Y , its own measure Φ X or Φ Y and its own gauge field A a or B a .
The additional terms in the X-string and Y -string actions are i dσdτ A a j ia A and j dσdτ B a j ja B , respectively. Note that i = 1, 2 while j = 3, 4, 5. The interaction takes place at σ = σ 1 as viewed from the X-string or σ = σ 5 as viewed from the Y -string. Then at this point (σ = σ 1 = σ 5 ) we obtain j 0 A = e 1 δ(σ − σ 1 ) and
The X-string charges are similar to the string meson charges (31) that were considered in the previous section. So are the Y -string endpoint charges. But the charge e 5 has its own Neumann boundary conditions at the point σ 1
Integrating both parts we obtain
Therefore
The equations of motion with respect to Y µ gives us as previously the Neumann boundary conditions
All together the Neumann boundary conditions for the Y -string are
where j = 3, 4, 5.
Then we see that the Neumann boundary conditions are applied not only at the endpoints but at the intersection point too. They signalize that the tension undergoes alterations: it becomes zero at the endpoints thereby terminating the string while at the intersection point it changes its value thereby dividing the string into two strings with different tensions. This is how we construct a baryon out of two strings as opposite to the more standard three string construction.
Just like the Neumann boundary conditions exist already in the modified measure theory, the Dirichlet boundary conditions are contained within the theory too and are derived in this section.
In order to obtain that X-string = Y -string at σ = σ 1 the conditions for the intersection point are needed.
Our guiding principle is that the part of the action that is responsible for the interaction must be conformal invariant, generalizing the case of a single string equations.
The interaction term for two strings that leads to such conditions is
where λ 1 , λ 2 , λ 3 , λ 4 are positive coefficients and V (X, Y ) is some potential that is defined later. The equations of motion provide us with the constraints on V (X, Y ).
Notice that in order to be effective S interaction requires both tensions, ∂ a (
, to have a jump at the same point, otherwise S interaction vanishes. So that is why there is the need for the gauge fields charges at the point σ 1 .
The equation (38) is indeed conformal invariant because
Also by construction
That is
Also
The equations of motion with respect to X µ acquire an extra term comparing to (13) . It is
From the analogues to (22) we see that
These terms produce two delta-functions, δ 2 (σ − σ 1 ), which should be eliminated. Then
If not the X-string but Y-string is considered, then variation with respect to Y µ gives us the similar condition
The equations of motion with respect to γ cd X are altered too comparing with (14) . The additional term is
(49) Since (47) is established, then the additional constraint on V (X, Y ) is
The intersection point is fixed now. The next task is to define the potential V (X, Y ) itself.
It is a function that is defined at the point where we demand the intersection of two strings to occur. The intersection condition is
The most simple form it can take in the case of a flat spacetime background is
The constraint (50) leads exactly to
We obtain these conditions dynamically by adding the term to the action and specifying the potential V (X, Y ). These are exactly the Dirichlet boundary conditions.
The String Baryon Model by 't Hooft [16]
Three strings (X µ,1 , X µ,2 , X µ,3 ) intersect at the point σ = 0. The Lagrange multipliers (l µ 1 (τ ), l µ 2 (τ )) are introduced in the interaction term.
(54) The boundary conditions for the intersection point σ = 0 are
and for each endpoint (σ = L k (τ )) are:
where k = 1, 2, 3 and L k (τ ) are the lengths.
So the Neumann boundary conditions hold only for the sum 3 k=1 X µ,k at the intersection point.
By choosing conformal gauge, where γ ab = Ω 2 η ab , the wave equation ✷X µ = 0 holds outside the intersection point or endpoints. Therefore
Then the boundary conditions at the endpoints (56) are
But in 't Hooft's treatment things are more complicated at the intersection point. The signal is propagated to the endpoints and reflects back to the intersection point. So that the boundary conditions (55) are nonlocal in time and take the form
As is seen, X L and X R are evaluated at different times, and τ k (τ ) are the solutions of
In the next section we show that this nonlocality is absent in our approach.
The Resolution of the Nonlocality
Starting from here σ 0 denotes the intersection point as previously interchangeably σ 1 and σ 5 . We put σ 0 to 0 for the comparison with 't Hooft's results.
The key feature of our model is that the Neumann boundary conditions (31), (37) hold not only at the endpoints but at the intersection point too.
Again by choosing the conformal gauge the wave equations ✷X µ = 0, ✷Y µ = 0 hold outside the intersection point or endpoints. Therefore
Then we directly obtain for the X-string:
and for the Y -string:
It is true up to a constant term that can be ignored while considered as either a function of (τ + σ) or (τ − σ) irrespectively.
As is seen, X L and X R are evaluated at the same time τ . Therefore, we have locality at the intersection point as opposite to 't Hooft condition (59).
At the endpoints we get the same conditions (58).
The Solutions for the Equations of Motion in a Minkowski Background Spacetime
We continue to assume that the endpoints are massless as opposed to [17, 18] , where the massive endpoints cases are investigated. Our analysis can be generalized for massive endpoints.
Here the rotation of the strings comes into play. As we are dealing with stringy particles, let's take the embedding spacetime to be the Minkowski spacetime. The signature of η µν is (+1, −1, −1).
The equations of motion are
where µ = 0, 1, 2 denotes the components of X. As previously, all the calculations are correct for both branches of the Y -string too.
Note that since T 1 , T 2 , T 3 are not the same, then the wave vectors, k 1 , k 2 , k 3 (k = 2π λ ), that will appear later, are not the same.
Variation of the sigma-model action with respect to γ ab , the equation (2) , can be rewritten as
where h ab = η µν ∂ a X µ ∂ b X ν is the induced metric. As √ −γγ ab is invariant under conformal transformations (see equation (40)), then (64) reduces to
As we will see there are solutions of the form
where c 1 , c 2 are some constants.
The Neumann boundary conditions are imposed at the intersection point (σ = 0). Therefore, c 2 = 0, and X 0 is a monotonic function of τ :
The Neumann boundary conditions are imposed at the endpoints too and provide that σ = 0. Then again
Before the boundary conditions are imposed to X 1 and X 2 , let's check that R(σ) is an arbitrary function of σ.
The matrix elements are
The inverse matrix elements are
(76)
Therefore, the equations of motion
Then for µ = 0:
for µ = 1:
for µ = 2:
We do not specify R(σ). However, the equations of motion (81) are satisfied.
As R(σ) is arbitrary, we take it to be
Next, the Neumann boundary conditions, ∂X µ ∂σ = 0, are going to be set at the intersection point and then at the endpoints.
Again, at the intersection point σ is assumed to be equal to 0. Then for µ = 1 and µ = 2:
At the endpoints σ can not be assumed to be equal to 0. Then for µ = 1 and µ = 2:
Therefore, the Neumann boundary conditions at the endpoints give us the constraints on kσ at the endpoints:
Then the conditions for the wave vectors are
where n is an integer. The intersection point is excluded, then n = 0.
The energy of a single string is
where 2 . Then in our case
The energy of our string baryon configuration is
The angular momentum of a single string is
In our case
where
The angular momentum of our string baryon configuration is
The Regge trajectory is a relation between the angular momentum and the square of the energy. Let's see it here.
Up to this point we did not assume any specific dynamics of the point charges at σ 2 , σ 3 , σ 4 . Here we assign a massless dynamics to these endpoints. Therefore, R(σ 2 )ω = R(σ 3 )ω = R(σ 4 )ω = 1, that is, each endpoint moves with the speed of light.
From our choice of R(σ), (85), and the following condition on kσ, (90), we get
Then for the lowest mode (n = 1), we obtain
Then the Regge trajectory of our system is
is the slope parameter.
Quantum Discussions
In this paper we have ignored the structure of the quantum version of the theory. In this respect we propose this model as an effective model that may not be considered beyond the tree level, so the question of quantization may not be relevant. In any case any string model applied to hadron phenomenology has to be understood as an effective theory, since the fundamental theory is QCD, not a fundamental string theory.
It is interesting to notice that the structure of the action we have considered is linear in each measure. For example, the dependence on the measure Φ X is (after integration by parts)
With L X being independent of ϕ i X (Φ X = ǫ ab ǫ ij ∂ a ϕ i X ∂ b ϕ j X ), we get that the following infinite dimensional symmetry exists, up to a total divergence
which preserves the linear structure of the action with respect to Φ X . Similar arguments can be made to justify the linearity of Φ Y .
Finally, other terms that do not contribute in the case of static configurations could be considered, like
This term could be relevant for quantum effects, like quantum creation processes, etc. This will be explored in a future publication.
Conclusions
We start our consideration with a single string. But instead of using √ −γ as a measure as it is done in a sigma-model action, we take a measure Φ, which is constructed out of two scalar fields. We are permitted to do it as long as it is a density under arbitrary diffeomorphisms on the worldsheet spacetime, which is indeed the way we have constructed our measure.
We consider a single string. The charges at the endpoints of the string lead via the tension discontinuity to the Neumann boundary conditions. Then we consider two strings. The endpoint of one string is connected to the internal part of the other one (See Fig.2 ). The charge in the internal part of the string lead via the tension alterations to the Neumann boundary conditions. By the addition of an interaction term to the modified action we obtain the conditions for the intersection that are the Dirichlet boundary conditions. The action governing the string baryon configuration in Fig.2 is
Neumann boundary conditions are presented at all endpoints, l = 1, 2 m = 3, 4:
Both Dirichlet and Neumann boundary conditions are presented at the single intersection point.
To avoid any confusion: generally, σ denotes the location in the string. Especially, σ 1 and σ 2 denote the X-string endpoints with the charges e 1 and e 2 , σ 3 and σ 4 denote the Y -string endpoints with the charges e 3 and e 4 , σ 5 denotes the point in the Y -string where the charge e 5 is located. Strings intersect and by the construction, σ 1 and σ 5 denote the same location, the point of intersection. The charge e 1 being the endpoint of the X-string terminates the tension of the X-string and, as any other endpoint charge, raises the Neumann boundary conditions. The charge e 5 being the internal charge of the Y -string changes the value of the tension of the Y -string and raises the Neumann boundary conditions. Anytime, the tension of any string changes (including reducing to zero) the Neumann boundary conditions arise. In order for strings to intersect, the Dirichlet boundary conditions at the point σ 1 (the same as to say σ 5 ) are obtained. Starting from Section 6, where we make a comparison and later, when we solve the equations of motion, we denote the point of intersection as σ 0 , that is σ 1 = σ 5 = σ 0 and without loss of generality set it to 0.
The Neumann boundary conditions differ from the ones obtained in [16] . There the Neumann boundary conditions at the intersection point hold only for the sum 3 k=1 X µ,k . It leads to a nonlocality in (59).
A remarkable difference with [16] is that in our case the boundary conditions at the intersection point become local in time: 
Here the same τ is involved. This is due to the specific physics introduced to induce the boundary conditions: the dynamical tension mechanism which determines how strings end, interact etc. As we have seen, the approach with introduced Lagrange multipliers to enforce the strings to meet at some point σ = 0 is not equivalent.
The latter, as it is pointed out by 't Hooft himself, may require additional boundary conditions in particular because the method for propagating the signal from σ = 0 to σ = L k (τ ) and back can become ill-defined in some limits. Such problem is absent in our approach due to the locality in time of the boundary conditions. Note that when the tensions are taken to be in a way that two of them are much greater than the third one then the diquark model arises. The introduction of the diquark provides us with a possibility to construct a more effective scheme for highly excited states, with less degrees of freedom and less number of highly excited states [19] .
We have studied some rotating string solutions of equations of motion with the new boundary conditions. We obtain the energy and the angular momentum of our system, then assuming that each endpoint is a dynamical massless particle, the Regge trajectory is presented. A full analysis of the most general solutions will be done in the future.
